The diameter of large components in r-edge-colorings of K, II

The aim of Ramsey theory is to find large monochromatic structures in r-edge-
colorings of a graph G. The most investigated case is when G = K,,; numerous papers
and books have been published on this topic.

The diameter of a graph G is the length of the shortest path between two fur-
thermost vertices. A double star is a tree obtained by connecting the centers of two
vertex disjoint stars by an edge. Clearly, a double star has diameter three.

Gyarfas [1] showed that every r-edge-coloring of K, contains a monochromatic
connected component of size > n/(r — 1) and he also provided examples when this
result is tight. Is it possible to say something more about these ‘giant’ monochro-
matic components? It may even be true that every r-edge-coloring of K,, contains a
monochromatic double star with at least n/(r — 1) vertices.

Problem 1. (Gydrfds, Problem 4.2 in [2]) For r > 3, is there a monochromatic
double star of size asymptotic to n/(r — 1) in every r-coloring of K,.

A weaker version of the problem reads as follows.

Problem 2. (Gydrfds, Problem 4.3 in [2]) Given positive numbers n, r. Is there a
constant d (perhaps d = 3) such that in every r-coloring of K,, there is a monochro-
matic subgraph of diameter at most d with at least n/(r — 1) vertices?

Ruszinké [4] answered this in affirmative with d = 5, which has been improved by
Letzter [3] to d = 4. During a BSM research course of spring 2019 Ruszinké and two
students showed that Gyarfas’ conjecture in terms of diamater for several values of r
is best possible.

The goal of this research would be to explore Gyarfas’ problems further.
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Prerequisites: basic combinatorics, graph theory, Ramsey theory.

Best for: students interested in combinatorics, discrete mathematics, computer
science or information theory.

Professor: Dr. Miklds Ruszinko.

Assignment for the first week: read and try to digest the linked papers, starting
with the one of Ruszinké.



